Fourier Tranform

Fourier Transform

Syllabus:-

Definition, Fourier integral, Fourier transform, inverse
transform, Fourier transform of derivatives, convolution
(mathematical statement only), Parseval’s theorem
(statement only), Applications

Fourier series

Any periodic function f(t) having period T satisfying
Dirichlet condition can be expressed by the following series

a
f) = ?0 + Z(an cos nwt + b, sin nwt)

n=1
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Dirichlet conditions
The Dirichlet condition for periodic function are;

i) The function must be periodic.

i) The function has finite number of discontinuities in
each period

iii) The function has finite number of maxima and
minima in each period.

iv)  The function must converge over any period. That is

T
j|f(t)| dt is finite
0

For periodic function f(x) having period L satisfying
Dirichlet condition can be expressed by the following series

[ee]
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Fourier Tranform

Fourier integral
For periodic function f(x) defined in interval[—1, [] is
represented in integral form as

1 o0 [ee]
fx) = ;fo dw [, f(t) cosw(t —x) dt
Is called as Fourier integral.
If cos w(t — x) is replaced in complex form,
fO) =55 e“dw [ f(£) et dt

is called Fourier complex integral.

Fourier transform
The complex form of Fourier integral

fO) = =7 e dw [7 f(D) e dt

This may be expressed as,

fx) = \/%_nj:oeiwx Fwydw .......(1)
Where F(w) = «%—n [Z eT0t f(©)dt 2)

The function F(w) is called Fourier transform of f(t) and f(t)
is called as inverse transform of F(w).

Eq" (1) is transform of frequency function F(w) into position
function f(x).

Eq" (2) is transform of time function f(t) into frequency
function F (w).

Fourier Sine and Cosine transform
1) Fourier Cosine transform
If £(t) is even function ie. f(—t) = f(t)

Then Fourier cosine transform is given by

Fo(w) = %foof(t) cos wt dt
0

And inverse Fourier cosine transform is given by

2 0
f() = \/;f Fo(w) cos wt dw
0

2) Fourier Sine transform
If £(t) is odd functionie. f(—t) = —f(¢t)

Then Fourier sine transform is given by

Fs(w) = \/%fooo f(t) sinwt dt

And inverse Fourier sine transform is given by

2 [ee]
f) = Efo Fs(w) sinwt dw
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Fourier Tranform

Properties of Fourier transform

i) Linear property :- If function F(w) is called Fourier
transform of f(t) &
If f(t) = a fi(t) + azfolt) + .. +a,f,(t) =
2 Anfu(t),

then the Fourier transform of f(t) is given by

F(w) = a;F;(w) + a,F(w) + ...4a,F(w) =Y a,F,(w)

ii) Change of scale property:- If function F(w) is called Fourier
transform of f(t), then Fourier transform of f(at) is

)

iii) Shifting property:- If function F(w) is called Fourier
transform of f(t), then Fourier transform of f(t —a) is
eiwaF(w)

iv) Conjugate property :- If function F(w) is called Fourier
transform of f(t), then Fourier transform of complex
conjugate of f(t) (ie. f*(t))is. F*(—w) ( complex
conjugate of F(—w))

ie. F.T[f*(t)] = F (—w)

v) Modulation property :- If function F(w) is called Fourier
transform of f(t), then Fourier transform of f(t) cos at is

%[F(a)+a)+F(a)—a)]

vi) Convolution property ( Convolution Theorem) :-

The convolution of two function f(t) and g(t) over the
interval (—oo , 00) is defined as

[ *9(©) = 5=, f) gt —w) dt

Convolution theorem states that “If F(w) and G(w) be the
Fourier transforms of f(t) & g(t) respectively, then the Fourier
transform of the convolution of f(t) & g(t) is the product of
their Fourier transform”. That is

FTIf®)x gl =F.T[f®]* F.T[9g(®)] = F(w)*¢(w)

Parsvel’s theorem

If F(w) and G(w) be the Fourier transforms of f(t) & g(t)
respectively then,

) O fOg®dt= [ F(w) G (w)dt

Where G*(w)is Fourier transform of g*(t) and g*(t)is
complex conjugate of g(t).

i) [T [F®dt = [7 [F(w)]dw
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Fourier Tranform

Derivative of Fourier transform

“ et £()dt

F(w) = \/%f_oo

Differentiating both side with respect to w

dF(w) _ 1 d (o
dw _\/anco —0

- 2 o

= —z—f t f(£) et dt

e @t £(t)dt

=—iF.T[tf(t)]

If F(w) differentiated n times then

@) __ (—i)"F.T [¢" f@®]

do™

Fourier transform of derivative

Let F;(w) be the Fourier transform of first derivative of
function f(t) then

af (t)

Fi(w) = et dt

o

Integrating by parts, we get

—iwt]® ﬂ oo —iwt
Fitw) = =[F@e @], + 2= | et ar

1
\ 21

F(w) = \/%_n [f(t)e"i“’t]ioOO + iwF (w)

Ast —> o0, e" @t 50 & t > —00, "t - 00 . Therefore for
existence of limit , the function f(t) should be much faster
decrease to zeroas t = o thant — —oo . Then in such case

\/% [f(t)e—iwt]o_ooo _
o~ F(w) = iwF(w)

Similarly E,(w) be the Fourier transform of nt" derivative of
function f(t) then

Fu(w) = (iw)"F (w)

Application of Fourier transform
1) Evaluation of integrals
Using Fourier transform certain integrals may be obtained.

Ex. Find the Fourier sine and cosine transform of

f)=ePp>0 Hence evaluate wade and
foowsinwt

p2+(l)2
0 p2+(lJ2

Solution:- Given f(t) = e P,p >0

By taking cosine transform of f(t)
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Fourier Tranform

Fo(w) = \/gfoof(t) cos wt dt Fs(w) = \/%foof(t) sinwt dt

ff tcoswt dt
p tsin wt dt
Ea f e

By taking inverse cosine transform F.(w) _ 3)
INE p2+a)2 |

f(t) = \/EJ Fo(w) cos wt dw By taking inverse sine transform F(w)
TJy

f) = ZfooF(a))sinwtdw
= ’— s
T Jo
f() = ’E.foo /E% cos wt dw
T)y TP t+tw

2 (* |2 W _
fQ) = ;L ;m sin wt dw
2P f‘” cos wt
0

f@ = 3 p? + w?
2 (Cwsinwt
. 0=z, wre
j COSOU o= 2= f(t) = e ... (2)
. 2P 2P

pZ + (1)2
f‘”wsinwt T ©® L 4
", —_ w= = = —e P" ...
0 p? + w? 2 f 2 4
By taking sine transform
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Fourier Tranform

2) Fourier transform to solve differential equation

Ex. Toillustrate the application of Fourier transform in solving
differential equations, we consider the motion of a damped
harmonic oscillator.

The differential equation of motion of damped harmonic
oscillator is

S U+ R =f() ... (1)

dt2
1 iwt
f) = \/T_nj_ooe F(w)dw
&
F(w) = 1 me‘i‘*’t f(t)dt

V2w J_

1 >~ . d?x dx
F(w) = Ef e ot (dt2 + de—+/12x(t)> dt

Flw) =

2k (® dx
—Lwtdt + —lwtdt

Ef_m dt? V2r )., dt
+ \/—z_nf_o:o x(t)e @tdt
F(w) = Xy(w) + 2kX,(w) + 22X (w)
We Know, Xp(w) = (iw)"X(w)
» Fw) = (lw)*X () + 2k(iw)' X (@) + 12X (w)
F(w) = —w?X(w) + 2ikwX (w) + 12X (w)

F(w) = (A2—w? + 2ikw) X (w)

_ F(w)
OrX(w) = —wrezii) (1)
Where X (w) = \/% . et x(t)dt

Taking Fourier inverse transform, The solution for eq" (1) is
given by

©=—[ e x(

X —m _Ooe w)adw
F(w)elwt

x(t) = \/_J (12— w2+21kw)dw

3) Solution for boundary value problems

The Fourier transform may be applied to solve certain
boundary problems like one dimensional heat flow, one
dimensional heat equation, etc.

Su(xt)  8%(xt)
T sx2

conditions i) u(0,t) ii)u(x,0) ={

, >0, t > 0; subject to

1; 0<x<1
0x=>1

Ex. Solve

iii) u(x, t) is bounded

Solution : - The given differential equation is

Su 852%x

S5t Sx2
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Fourier Tranform

Sug 2 w <
Taking Fourier sine transform on both side 5t \/;a) [{u(O, Dk + wfo usinox dxl
Using condition (i)
f —sma)x dx = f —smwx dx
6x2 Sus )
5t —W U e ver e (2)
o |2 (% .
_ _f u sin wx dx After rearranging
otml,
dug _ 2
2[511_ « ® Su us——w t
= |- {—sma)x} —wf — coswx dx
m [(6x 0 o 0x

Integrating, we get

logu, = —w?t +logA (Ais constant)
5 . . . .

As x — oo; é —0andx -0 ; sinwx =0 Taking antilog on both side

2
Su *© — Ap-wt
Hence —sm wx} =0 & us = Ae

Att=0,
ff usinwx dx = us ... (1) ug(w,0) =A4.......(3)

Using eq" (1), we have

6us f
J —coswxdx 9 oo
us(w,0) =A= Ef u(x,0) sinwx dx
0
dug 2 e
5t 7Y {ucoswx}8°+wj usin wx dx 5 [ 1 o
0 = —Ulsinwxdx +J Osinwxdxl
T [Jo 1

Foru -0 asx —» o
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Fourier Tranform

A= |=
s

2 [coz)wx](l) 4o

2 1—cosw
T w

Applying Inverse Fourier sine transform, we get

2 oo
ulx,t) = |[— Uug sinwx dw
T Jo

2 rol1-cOsw .
= /—f sin wx dw
m ~0 1)

This is the required solution.
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